Peristaltic transport of a third order fluid under the effect of a magnetic field  by Hayat, T. et al.
Computers and Mathematics with Applications 53 (2007) 1074–1087
www.elsevier.com/locate/camwa
Peristaltic transport of a third order fluid under the effect of a
magnetic field
T. Hayata, Ambreen Afsara, M. Khana,∗, S. Asgharb
aDepartment of Mathematics, Quaid-i-Azam University 45320, Islamabad 44000, Pakistan
bCOMSATS Institute of Information Technology H-8, Islamabad 44000, Pakistan
Received 24 April 2006; received in revised form 29 October 2006; accepted 12 December 2006
Abstract
The peristaltic transport of a third order fluid in a planar channel is considered. The fluid is electrically conducting by a transverse
magnetic field. The perturbation solution is obtained using small Deborah number. Expressions of stream function, longitudinal
velocity and pressure gradient valid for long wavelength are developed. Numerical integration is performed to analyze the effect of
Hartman number on the pressure rise and frictional force. It is noted that both Hartman and Deborah numbers suppress the flow.
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1. Introduction
Peristalsis is an important mechanism generated by the propagation of waves along the walls of a channel or tube.
It occurs in the gastrointestinal, urinary, reproductive tracts and many other glandular ducts in a living body. Most of
the studies on the topic have been carried out for the Newtonian fluid. Very few attempts of peristaltic flows for non-
Newtonian fluids [1–9] are available. These studies have been made under certain simplifying assumptions regarding
the magnitudes of the wave amplitude, the wavelength, the Reynolds numbers, the wave number and amplitude
ratio.
In recent years, biomagnetic fluid dynamics is an interesting area of research. This is due to its extensive
applications in bioengineering and medical sciences. Examples include the development of magnetic devices for
cell separation, targeted transport of drugs using magnetic particles as drug carriers, magnetic wound or cancer tumor
treatment causing magnetic hyperthermia, reduction of bleeding during surgeries or provocation of occlusion of the
feeding vessels of cancer tumors and development of magnetic tracers [10]. In the literature, several investigations
have been made under the assumption that blood behaves like a hydrodynamic fluid. This is not true in reality. It
is now well known that blood behaves like a magnetohydrodynamic (MHD) fluid [11,12]. Blood is a suspension of
cells in plasma. It is a biomagnetic fluid, due to the complex integration of the intercellular protein, cell membrane
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and the hemoglobin, a form of iron oxide, which is present at a uniquely high concentration in the mature red cells,
while its magnetic property is influenced by factors such as the state of oxygenation. The consideration of blood as a
MHD fluid helps in controlling blood pressure and has potential for therapeutic use in the diseases of heart and blood
vessels [13]. Moreover, the assumption of blood always being a Newtonian fluid is not adequate in reality. The blood
exhibits non-Newtonian behavior at low shear rates in tubes of small diameters.
Due to complexity of fluids, several models mainly based on empirical observations have been proposed for non-
Newtonian fluids. Amongst these, there is a particular class of fluids, called viscoelastic fluid, which has specially
attracted the attention of numerous researchers for varying reasons. The rheologists have been able to provide a
theoretical foundation in the form of a constitutive equation which can in principle, have any ‘order’. For applied
mathematicians and computer scientists the challenge comes from a different quarter. The constitutive equations of
even the simplest viscoelastic fluids, namely second grade fluids are such that the differential equations describing the
motion have, in general, their order higher than those describing the motion of the Newtonian fluids but apparently
there is no corresponding increase in the number of boundary conditions. Applied mathematicians and computer
scientists are thus forced with the so-called ill-posed boundary value problems which, in theory, would have a family of
infinitely many solutions. The task then becomes of selecting one of them under some plausible assumption. Although
the simplest model of viscoelastic fluids, namely the second order fluid, is able to predict the normal stress differences
it does not take into account the shear thinning and shear thickening phenomena for a steady flow that many fluids
show. The third order fluid model represents a further, although inconclusive, attempt toward a more comprehensive
description of the behavior of viscoelastic fluids. For this reason some experiments may be well described by the fluids
of order three or four [14,15]. With this in view, the model in the present paper is the third order fluid one.
In this paper, we therefore propose to analyze the peristaltic transport of a third order fluid in a planar channel
when fluid is represented by a MHD third order fluid model. The objective of this paper is to explore the effects of the
magnetic field on the peristaltic flow in a channel. The non-linear equations governing the flow are solved analytically
using perturbation method. Graphical results are reported first for emerging parameters and then discussed.
2. Mathematical formation
Consider a two-dimensional flow of an incompressible third order fluid in a uniform channel of width 2a. The
fluid is electrically conducting in the presence of a uniform magnetic field B0 applied in the transverse direction.
The magnetic Reynolds number is taken small and the induced magnetic field is neglected. We select rectangular
coordinate system in such a way that X -axis lies along the centre line of the channel and Y -axis normal to it. We
assume an infinite wave train travelling with velocity c along the walls. The geometry of the wall surface is
h(X , t) = a + b sin 2pi
λ
(X − ct). (2.1)
In the above equation b is the wave amplitude, λ is the wavelength and t is the time.
The equations which govern the MHD flow are
divV = 0, (2.2)
ρ
dV
dt¯
= divT+ J× B, (2.3)
where d/dt¯ is the material derivative, V is the velocity, ρ is the density, J is the current density, B(=B0 + B1) is
the total magnetic field, B1 is the induced magnetic field assumed negligible and T is the Cauchy stress tensor. The
constitutive equation for T in a third order fluid is
T = −pI+ S, (2.4)
where p is the pressure, I is the identity tensor and the extra stress tensor S is given by
S = µA1 + α1A2 + α2A21 + β1A3 + β2(A2A1 + A1A2)+ β3(trA21)A1, (2.5)
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in which µ, αi (i = 1, 2), βi (i = 1–3) are the material constants and the Rivlin–Ericksen tensors (An) are given
through the following relations
A1 = (gradV)+ (gradV)T,
An = ddt¯An−1 + An−1(gradV)+ (gradV)
TAn−1, n > 1. (2.6)
For unsteady two-dimensional flows
V = [U (X , Y , t), V (X , Y , t), 0], (2.7)
in which U and V are the velocity components in the X and Y directions respectively. It is also assumed that for
the flow under consideration there is no motion of the wall in the longitudinal direction. This assumption constrains
the deformation of the wall; it does not necessarily imply that the channel is rigid against longitudinal motions, but
is a convenient simplification that can be justified by a more complete analysis. The assumption implies that for the
no-slip condition U = 0 at the wall.
Neglecting the displacement currents, the Maxwell equations and the Ohm’s law are
divB = 0, curlB = µmJ, curlE = −∂B
∂t
, J = σ(E+ V× B), (2.8)
where σ is the electrical conductivity, µm is the magnetic permeability and E is the electric field. The imposed and
induced electrical fields are assumed negligible. Under low magnetic Reynolds number approximation, the force J×B
simplifies to
J× B = −σ B20V. (2.9)
In view of Eqs. (2.7) and (2.9) we can write Eqs. (2.2) and (2.3) in the following forms:
∂U
∂X
+ ∂V
∂Y
= 0, (2.10)
ρ
(
∂
∂ t¯
+U ∂
∂X
+ V ∂
∂Y
)
U = −∂ p(X , Y , t)
∂X
+ ∂SX X
∂X
+ ∂SX Y
∂Y
− σ B20U , (2.11)
ρ
(
∂
∂ t¯
+U ∂
∂X
+ V ∂
∂Y
)
V = −∂ p(X , Y , t)
∂Y
+ ∂SX Y
∂X
+ ∂SY Y
∂Y
, (2.12)
where
SX X = 2µU X + α1(2U Xt + 2U U X X + 2V U X Y + 4U 2X + 2V 2X + 2V X UY )
+α2(4U 2X +U2Y + V 2X + 2V X UY )
+β1

2U Xt t + 2U tU X X + 4U U X Xt + 2V tU X Y + 4V U X Y t + 12U X U Xt + 6V X V Xt
+2UY V X t + 4UY tV X + 14U U X U X X + 12V U X U X Y + 8U3X + 6U V X U X Y + 6V V X V X Y
+4V V X UYY + 6U V XV X X + 2U 2U X X X + 2U V U X X Y + 2V UY U X X + 2V 2U X Y Y
+2V V Y U X Y + 2V UY V X Y + 8UY V X¯U X + 2U V X XUY + 4U V U X X Y

+β2

8U X U Xt + 8U V X U X X + 8V U X U XY + 16U3X + 2UY V Xt + 2UYUY t + 2V XV Xt
+2U UY V X X + 2U V X V X X + 2V UY V Y Y + 2V V XV X Y + 2U UYU X Y + 2U V XU X Y
+2V V X UY Y + 2V UY V X Y + 4V X U 2X + 4U X U 2Y + 8UY V X U X + 2V X UY t

+β3
(
2U
3
X + 4U X U2Y + 8U X V 2Y + 4U X V 2X + 8UY V XU X
)
, (2.13)
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SX Y = µ(UY + V X )+ α1
(
V Xt +UY t +U U X X + V V X Y
+V UY Y +UV X X + 2U X UY + 2V X V Y
)
+α2(2U X V X + 2V X V Y )
+β1

V Xtt +UY tt + U¯t¯U X Y +U U X Y t + V t¯V X Y + 2V V X Y t + 2V UY Y t + V tUY Y
+U tV X X + 2U V X X t + 2V Y V Xt + 4V X V Y t + V Y V Y t + 4U XtUY + 3U X UY t
+5V UY U X Y + 4U UY U X X + 4U2XUY + 4V 2XUY + 4V X U 2Y + 2V YUY Y +U V X X V Y
+4V X V 2Y + 4U X U X Y + 2V V Y V X X + 4V V X V Y Y +U UY Y t +U2 V X X X +U VU X Y Y
+3V U X¯ UY Y + 5U V X¯ V X Y +U2U X X Y +U V V X Y Y + 2V UY U X X + V 2 V X Y Y
+V 2V X Y Y +U V V X X Y +U V X X UY

+β2

2U X V Xt + 2U X UY t + 2U U X U X Y + 2V U X V X Y + 2V U X UY Y + 2U U XV X X
+2V X V Y t + 2UYU Xt + 2V X U Xt + 2U UY V X Y + 2V V X UY X Y + 2U UYU X X
+2V UYU X Y + 2U V XV X Y + 2V UY V Y Y + 2V V XV Y Y + 2U V XU X X + 2U V Y V X X
+6V X U 2X + 2V Y UY t + 2V Y V Xt + 2V V Y V X Y + 2UV Y U X Y + 2V V Y UY Y
+2U 2XUY + 6V 2XUY + 2V 3X + 6V X U2Y + 6V 2YUY + 2V 2Y V X + 2UY V Y t

+β3
(
U
2
XUY + 2U 3Y + 6V 2XUY + 4V 2YUY + 6V X U2Y + V X U2X + 2V 3X + 4V 2Y V X
)
, (2.14)
SY Y = 2µV Y + α1
(
2V Y t + 2U V X Y + 2V V YY + 2U2Y + 4V 2Y + 2V X UY
)
+α2(U 2Y + 4V 2Y + V 2X + 2V XUY )
+β1

2V Y tt + 2U¯t¯V X Y + 4U V X Y t + 2V tV Y Y + 4V UY Y t + 2UY V Xt + 2V X UY t
+2UY V Xt + 6UY tUY + 12V Y V Y t + 4U UY V X X + 6V UY V X Y + 8V 3Y + 6U UY U X Y
+6V UY UY Y + 12U V Y V X Y + 14V V Y V Y Y + 2U 2V X X Y + 4U V V X Y Y + 2U V X V Y Y
+2V 2V Y Y Y + 2V V Y V X Y + 2V V X UY Y + 8UY V YU X + 2U U X Y V X

+β2

8V Y V Y t + 8U V Y V X Y + 8V V Y V Y Y + 16V 3Y + 2UY V Xt + 2UYUY t + 2V XV Xt
+2V UY V X Y + 2U V X V X X + 2V UY V X X + 2V V XUY Y + 2U V XU X Y + 2U UYU X Y
+2V UYUY Y + 4V Y U2Y + 4V 2XV Y + 8UY V YU X + 2V V X V X Y + 2V X UY t

+β3(8V 3Y + 2U 2XV Y + 4V 2XV Y + 4U 2Y V Y + 8UY V XUY ). (2.15)
In the above equations the subscripts indicate the partial derivatives. In the fixed coordinate system (X , Y ), the
motion is unsteady because of the moving boundary. However, if observed in a coordinate system (x, y) moving with
the speed c, it can be treated as steady because the boundary shape appears to be stationary. The transformations
between the two frames are given by
x = X − ct, y = Y , u = U − c, v = V , (2.16)
where (u, v) are components of the velocity in the moving coordinate system.
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Upon making use of transformations (2.16) in Eqs. (2.10)–(2.15) and then introducing the non-dimensional
variables
x = 2pix
λ
, y = y
a
, u = u
c
, v = v
c
, h = h(x)
a
, p = 2pia
2
λµc
p(x),
S = a
µc
S(x)
(2.17)
and defining the stream function Ψ(x, y) through
u = ∂Ψ
∂y
, v = −δ ∂Ψ
∂x
, (2.18)
the continuity equation (2.10) is identically satisfied and from Eqs. (2.11)–(2.15) we deduce that
δRe
[(
∂Ψ
∂y
∂
∂x
− ∂Ψ
∂x
∂
∂y
)
∂Ψ
∂y
]
= −∂p
∂x
+ δ ∂Sxx
∂x
+ ∂Sxy
∂y
− M2
(
∂Ψ
∂x
+ 1
)
, (2.19)
−δ3Re
[(
∂Ψ
∂y
∂
∂x
− ∂Ψ
∂x
∂
∂y
)
∂Ψ
∂x
]
= −∂p
∂y
+ δ2 ∂Sxy
∂x
+ δ ∂Syy
∂y
, (2.20)
Sxx = 2δ ∂
2Ψ
∂x∂y
+ λ1

2δ4
∂Ψ
∂y
∂3Ψ
∂x2∂y
− 2δ2 ∂Ψ
∂x
∂3Ψ
∂x∂y2
+ 4δ4
(
∂2Ψ
∂x∂y
)2
−2δ3 ∂
2Ψ
∂x2
∂2Ψ
∂y2
+ 2δ6
(
∂2Ψ
∂x2
)2

+ 2δ ∂
2Ψ
∂x∂y
+ λ2
(
δ4
(
∂2Ψ
∂x2
)2
+ 4δ2
(
∂2Ψ
∂x∂y
)2
− 2δ2 ∂
2Ψ
∂x2
∂2Ψ
∂y2
+
(
∂2Ψ
∂y2
)2)
+ γ1

2δ5
(
∂Ψ
∂y
)2
∂4Ψ
∂x3∂y
+ 2δ5 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
− 4δ3 ∂Ψ
∂x
∂Ψ
∂y
∂4Ψ
∂x2∂y2
− 2δ4 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
−6δ4 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
+ 2δ3
(
∂Ψ
∂x
)2
∂4Ψ
∂x∂y3
+ 2δ2 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
+ 12δ4 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
−12δ3 ∂
2Ψ
∂x∂y
∂Ψ
∂x
∂3Ψ
∂x∂y2
− 6δ5 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x2∂y
+ 6δ6 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x3
+ 4δ3 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂y3
+2δ4 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x3
+ 2δ3 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
+ 8δ3 ∂
2Ψ
∂x∂y
∂2Ψ
∂x2
∂2Ψ
∂y2
+ 8δ3
(
∂Ψ
∂x∂y
)3

+ γ2

8δ4
∂2Ψ
∂x∂y
∂Ψ
∂y
∂3Ψ
∂x2∂y
+ 8δ3 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 16δ3
(
∂2Ψ
∂x∂y
)3
+ 4δ5 ∂
2Ψ
∂x∂y
(
∂2Ψ
∂x2
)2
−8δ3 ∂
2Ψ
∂x∂y
∂2Ψ
∂x2
∂2Ψ
∂y2
+ 2δ2 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
+ 2δ4 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
− 2δ4 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x3
+2δ6 ∂
2Ψ
∂x2
∂Ψ
∂y
∂3Ψ
∂x3
− 2δ5 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
+ 2δ3 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
−2δ4 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
+ 2δ2 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
+ 4δ ∂
2Ψ
∂x∂y
(
∂2Ψ
∂y2
)2

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+ γ3

8δ3
(
∂2Ψ
∂x∂y
)3
− 8δ3 ∂
2Ψ
∂x2
∂2Ψ
∂y2
∂2Ψ
∂x∂y
+ 4δ ∂
2Ψ
∂x∂y
(
∂2Ψ
∂y2
)2
+4δ4 ∂
2Ψ
∂x∂y
(
∂2Ψ
∂x2
)2
+ 8δ2
(
∂2Ψ
∂x∂y
)3
 , (2.21)
Sxy =
(
∂2Ψ
∂y2
+ δ3 ∂
2Ψ
∂x2
)
+ λ1

2δ4
∂Ψ
∂y
∂3Ψ
∂x2∂y
− 2δ3 ∂Ψ
∂x
∂3Ψ
∂x∂y2
+ 4δ4
(
∂2Ψ
∂x∂y
)2
−2δ3 ∂
2Ψ
∂x∂y
∂2Ψ
∂y2
+ 2δ6
(
∂2Ψ
∂x2
)2

+ λ2
(
−2δ3 ∂
2Ψ
∂x2
∂2Ψ
∂x∂y
+ 4δ ∂
2Ψ
∂x∂y
∂2Ψ
∂y2
+ 2δ3 ∂
2Ψ
∂x2
∂2Ψ
∂x∂y
− 2δ ∂
2Ψ
∂y2
∂2Ψ
∂x∂y
)
+ γ1

δ4
(
∂Ψ
∂y
)2
∂4Ψ
∂x2∂y2
+ δ4 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
− δ6
(
∂Ψ
∂y
)2
∂4Ψ
∂x4
+ δ6 ∂Ψ
∂y
∂3Ψ
∂x3
∂3Ψ
∂x2∂y
−2δ3 ∂Ψ
∂y
∂Ψ
∂x
∂4Ψ
∂x∂y3
− δ3 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
+ δ5 ∂Ψ
∂x
∂Ψ
∂y
∂4Ψ
∂x3∂y
+ δ5 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x3
−δ3 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂y3
+ δ2
(
∂Ψ
∂x
)2
∂4Ψ
∂y4
+ 5δ5 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x2∂y
+ δ4
(
∂Ψ
∂y
)2
∂4Ψ
∂x2∂y2
+3δ4 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 4δ3 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x3
+ 2δ3 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
− 4δ2 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
−δ2 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂y3
+ 2δ5 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x3
− 4δ4 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
+ 4δ2
(
∂2Ψ
∂x∂y
)2
∂2Ψ
∂y2
+4δ2
(
∂2Ψ
∂y2
)2
∂2Ψ
∂x2
+ 4δ4
(
∂2Ψ
∂x∂y
)2
∂2Ψ
∂x2
+ 4δ5
(
∂2Ψ
∂x2
)2
∂2Ψ
∂x∂y

+ γ2

2δ3
∂2Ψ
∂y2
∂Ψ
∂y
∂3Ψ
∂x2∂y
− 2δ5 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x2∂y
− 2δ ∂Ψ
∂x
∂3Ψ
∂x∂y2
∂2Ψ
∂y2
+ 8δ2 ∂
2Ψ
∂y2
(
∂2Ψ
∂x∂y
)2
+2δ4 ∂
3Ψ
∂x∂y2
∂2Ψ
∂x2
∂Ψ
∂x
− 2δ6
(
∂2Ψ
∂x2
)3
+ 6δ4
(
∂2Ψ
∂x2
)2
∂2Ψ
∂y2
− 10δ
(
∂2Ψ
∂y2
)2
∂2Ψ
∂x2
−2δ3 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
+ 2δ5 ∂Ψ
∂y
∂3Ψ
∂x3
∂2Ψ
∂x∂y
+ 2δ2 ∂
2Ψ
∂x∂y
∂Ψ
∂x
∂3Ψ
∂y3
+ 6δ ∂
2Ψ
∂x2
(
∂2Ψ
∂x∂y
)2
−2δ4 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 2δ3 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
− 2δ6 ∂Ψ
∂y
∂3Ψ
∂x3
∂3Ψ
∂x∂y
+ 2δ4 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
−2δ3 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
+ 2δ2 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
+ 2
(
∂2Ψ
∂y2
)3
+ 2δ5 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x2∂y
−2δ4 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x∂y2

+ γ3

2δ3
(
∂2Ψ
∂x2
)3
+ 4δ2 ∂
2Ψ
∂y2
(
∂2Ψ
∂x∂y
)2
+ 6δ2
(
∂2Ψ
∂y2
)2
∂2Ψ
∂x2
+ 2
(
∂2Ψ
∂y2
)3
+ 2δ3
(
∂2Ψ
∂x2
)3
+4δ3 ∂
2Ψ
∂x2
(
∂2Ψ
∂x∂y
)2
+ 6δ2
(
∂2Ψ
∂x2
)2
∂2Ψ
∂y2
+ 4δ4 ∂
2Ψ
∂x2
(
∂2Ψ
∂x∂y
)2
+ 4δ4 ∂
2Ψ
∂y2
(
∂2Ψ
∂x∂y
)2
 ,
(2.22)
Syy = λ1
(
−2δ3 ∂Ψ
∂y
∂3Ψ
∂x2∂y
+ 2δ2 ∂Ψ
∂x
∂3Ψ
∂x∂y2
+ 4δ2
(
∂2Ψ
∂x∂y
)2
− 2δ2 ∂
2Ψ
∂x2
∂2Ψ
∂y2
+ 2
(
∂2Ψ
∂x2
)2)
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− 2δ ∂
2Ψ
∂x∂y
+ λ2
(
δ4
(
∂2Ψ
∂x2
)2
+ 4δ2
(
∂2Ψ
∂x∂y
)2
− 2δ2 ∂
2Ψ
∂x2
∂2Ψ
∂y2
+
(
∂2Ψ
∂y2
)2)
+ γ1

−2δ5
(
∂Ψ
∂y
)2
∂4Ψ
∂x3∂y
− 2δ5 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 4δ4 ∂Ψ
∂x
∂Ψ
∂y
∂4Ψ
∂x2∂y2
+ 2δ4 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
+2δ4 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
− δ3
(
∂Ψ
∂x
)2
∂4Ψ
∂x∂y3
− 2δ4 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
− 12δ3 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x∂y2
+12δ4 ∂
2Ψ
∂x∂y
∂Ψ
∂y
∂3Ψ
∂x2∂y
− 4δ4 ∂Ψ
∂x
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 2δ3 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂y3
− 6δ ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂y3
−4δ4 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x3
+ 6δ2 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
− 8δ2
(
∂2Ψ
∂x∂y
)2
∂2Ψ
∂y2
− 8δ3
(
∂Ψ
∂x∂y
)3

+ γ2

−8δ3 ∂
2Ψ
∂x∂y
∂Ψ
∂x
∂3Ψ
∂x2∂y
+ 8δ4 ∂Ψ
∂y
∂2Ψ
∂x∂y
∂3Ψ
∂x2∂y
+ 16δ3
(
∂2Ψ
∂x∂y
)3
+ 4δ4 ∂
2Ψ
∂x∂y
(
∂2Ψ
∂x2
)2
+8δ2
(
∂2Ψ
∂x∂y
)2
∂2Ψ
∂y2
+ 2δ2 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x∂y2
− 2δ4 ∂Ψ
∂y
∂2Ψ
∂x2
∂3Ψ
∂x∂y2
+ 2δ ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂y3
+δ6 ∂
2Ψ
∂x2
∂Ψ
∂y
∂3Ψ
∂x3
− 2δ5 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂x2∂y
+ 2δ3 ∂Ψ
∂x
∂2Ψ
∂y2
∂3Ψ
∂x2∂y
+2δ3 ∂Ψ
∂x
∂2Ψ
∂x2
∂3Ψ
∂y3
− 2δ4 ∂Ψ
∂y
∂2Ψ
∂y2
∂3Ψ
∂x3
+ 4δ2 ∂
2Ψ
∂y2
(
∂2Ψ
∂x∂y
)2

+ γ3
(
−16δ3
(
∂2Ψ
∂x∂y
)3
+ 8δ3 ∂
2Ψ
∂x2
∂2Ψ
∂y2
∂2Ψ
∂x∂y
− 4δ ∂
2Ψ
∂x∂y
(
∂2Ψ
∂y2
)2
+ 4δ5 ∂
2Ψ
∂x∂y
(
∂2Ψ
∂x2
)2)
, (2.23)
where the non-dimensional wave number δ, the Reynolds number Re, the material coefficients λi (i = 1, 2), γi (i =
1–3) and Hartman number M are given by
δ = 2pia
λ
, Re = %cα
µ
, λ1 = α1c
µα
, λ2 = α2c
αµ
, γ1 = β1c
2
βα2
,
γ2 = β2c
2
µα2
, γ3 = β3c
2
µα2
, M =
√
σ
µ
B0a. (2.24)
Eliminating p from Eqs. (2.19) and (2.20), we have the following vorticity transport equation
Re δ
[(
∂Ψ
∂y
∂
∂x
− ∂Ψ
∂x
∂
∂y
)
∇2Ψ
]
=
[(
∂2
∂y2
+ δ2 ∂
2
∂x2
)
Sxy
]
+ δ
[
∂2
∂x∂y
(
Sxx − Sxy
)]− M2 ∂2Ψ
∂y2
(2.25)
in which
∇2 =
(
δ2
∂2
∂x2
+ ∂
2
∂y2
)
.
Eq. (2.25) is highly complicated, non-linear and thus the closed form solution for arbitrary values of all parameters
is impossible. Even the existing solutions for the Newtonian fluid [2] are obtained under one or more assumptions.
With this fact in view, we carry out the analysis here for long wavelength. This is a valid assumption especially for the
flow of chyme in the small intestine. Long wavelength assumption has already been used by several workers [6–9] in
the field. For long wavelength approximation, Eqs. (2.19)–(2.23) and Eq. (2.25) give
∂4Ψ
∂y4
= −2Γ ∂
2
∂y2
(
∂2Ψ
∂y2
)3
+ M2 ∂
2Ψ
∂y2
, (2.26)
∂p
∂x
= ∂
3Ψ
∂y3
+ 2Γ ∂
∂y
(
∂Ψ
∂y2
)3
− M2
(
∂Ψ
∂y
+ 1
)
, (2.27)
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∂p
∂y
= 0, (2.28)
Sxy = ∂
2Ψ
∂y2
+ 2Γ
(
∂2Ψ
∂y2
)3
, (2.29)
Sxx = Syy = 0, (2.30)
where the Deborah number
Γ = γ2 + γ3 (2.31)
and Eq. (2.28) indicates that p 6= p(y) and so ∂p/∂x = dp/dx .
In the wave frame the non-dimensional boundary conditions are [4]
Ψ = 0, ∂
2Ψ
∂y2
= 0 at y = 0,
∂Ψ
∂y
= −1, Ψ = F at y = h,
 (2.32)
where F is the non-dimensional mean flow and non-dimensional surface of the peristaltic wall h becomes
h(x) = 1+ φ sin x (2.33)
in which the amplitude ratio φ(=b/a) and 0 < φ < 1.
3. Solution of the problem
The boundary value problem consisting of Eqs. (2.26) and (2.32) is non-linear and it is difficult to get a closed form
solution. However for vanishing Γ , the boundary value problem is amenable to an easy analytical solution. In this case
the equation becomes linear and can be solved. Vanishing Γ leads to a problem of a Newtonian fluid. However, small
Γ suggests the use of perturbation technique to solve the non-linear problem. Accordingly, we write
Ψ = Ψ0 + ΓΨ1 + Γ 2Ψ2 + · · · ,
F = F0 + Γ F1 + Γ 2F2 + · · · ,
p = p0 + Γ p1 + Γ 2 p2 + · · · ,
 (3.1)
in which Ψ0 and p0 are the solutions for Γ = 0 and the first and higher order terms give a correction to Ψ0 and
p0 which account for the shear thinning.
Upon making use of Eqs. (3.1) into Eqs. (2.26), (2.27), (2.32) and equating the coefficients of like powers of Γ and
then solving the resulting systems up to O(Γ 2) we have the following expressions up to second order of the Deborah
number
Ψ = F0M + tanhMh
hM − tanhMh
[
y − sinhMy
M coshMh
]
− sinhMy
M coshMh
+Γ

y

M coshMh
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
+
(
dp0
dx
)3 { 3 cosh 3Mh
16M4 cosh3 Mh
− 3
4M4 cosh2 Mh
− 3h sinhMh
4M3 cosh3 Mh
}

− sinhMy
{
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
}
−
(
dp0
dx
)3 { sinh 3My
16M5 cosh3 Mh
− 3y coshMy
4M4 cosh3 Mh
}

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y

M coshMh

F2
Mh coshMh − sinhMh
−
(
dp0
dx
)2
F1
Mh coshMh − sinhMh
−
(
dp0
dx
)3
H0
 H1
−
(
dp0
dx
)5
H2

−
(
dp0
dx
)2 ( 9 cosh 3Mh
16M cosh2 Mh
− 9 coshMh
4M cosh2 Mh
− 9h sinhMh
4 cosh2 Mh
)
×
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
−
(
dp0
dx
)5
45 cosh 5Mh
256M6 cosh5 Mh
− 54 cosh 3Mh
128M6 cosh5 Mh
+ 225 coshMh
64M6 cosh5 Mh
+ 261h sinhMh
64M5 cosh5 Mh
− 27h sinh 3Mh
64M5 cosh5 Mh
+ 9h
2 coshMh
32M4 cosh5 Mh


− sinhMy

F2
(Mh coshMh − sinhMh)
−
(
dp0
dx
)2 ( F1
(Mh coshMh − sinhMh) −
(
dp0
dx
)3
H0
)
H1
−
(
dp0
dx
)5
H2

+
(
dp0
dx
)2 ( 3 sinh 3My
16M2 cosh2 Mh
− 9y coshMy
4M cosh2 Mh
)
×
(
F1
(Mh coshMh − sinhMh) −
(
dp0
dx
)3
H0
)
+
(
dp0
dx
)5
9 sinh 5My
256M7 cosh5 Mh
− 12 sinh 3My
128M7 cosh5 Mh
+ 225y coshMy
64M6 cosh5 Mh
− 9y cosh 3My
64M6 cosh5 Mh
+ 9y
2 sinhMy
32M5 cosh5 Mh


, (3.2)
u = F0M + tanhMh
hM − tanhMh
[
1− coshMy
coshMh
]
− coshMy
coshMh
+Γ

M coshMh
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
+
(
dp0
dx
)3 ( 3 cosh 3Mh
16M4 cosh3 Mh
− 3
4M4 cosh2 Mh
− 3h sinhMh
4M3 cosh3 Mh
)
−M cosMy
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
−
(
dp0
dx
)3 ( 3 cos 3My
16M4 cosh3 Mh
− 3y sinMy
4M3 cosh3 Mh
− 3 cosMy
4M4 cosh3 Mh
)

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M coshMh

F2
Mh coshMh − sinhMh
−
(
dp0
dx
)2 ( F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
H1
−
(
dp0
dx
)5
H2

−
(
dp0
dx
)2 ( 9 cosh 3Mh
16M cosh2 Mh
− 9 coshMh
4M cosh2 Mh
− 9h sinhMh
4 cosh2 Mh
)
×
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
−
(
dp0
dx
)5
45 cosh 5Mh
256M6 cosh5 Mh
− 54 cosh 3Mh
128M6 cosh5 Mh
+ 225 coshMh
64M6 cosh5 Mh
+ 261h sinhMh
64M5 cosh5 Mh
− 27h sinh 3Mh
64M5 cosh5 Mh
+ 9h
2 coshMh
32M4 cosh5 Mh

−M coshMy

F2
Mh coshMh − sinhMh
−
(
dp0
dx
)2 ( F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
H1
−
(
dp0
dx
)5
H2

+
(
dp0
dx
)2 ( 9 cosh 3My
16M cosh2 Mh
− 9 coshMy
4M cosh2 Mh
− 9y sinhMy
4 cosh2 Mh
)
×
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
+
(
dp0
dx
)5
45 cosh 5My
256M6 cosh5 Mh
− 54 cosh 3My
128M6 cosh5 Mh
+ 225 coshMy
64M6 cosh5 Mh
+ 261y sinh 3My
64M5 cosh5 Mh
− 27y sinh 3Mh
64M5 cosh5 Mh
+ 9y
2 coshMh
32M4 cosh5 Mh


, (3.3)
dp
dx
= −M2
(
F0M + tanhMh
Mh − tanhMh + 1
)
+Γ

−M3 coshMh
{
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
}
+
(
dp0
dx
)3 { 3
4M2 cosh2 Mh
+ 3h sinhMh
4M cosh3 Mh
− 3 cosh 3Mh
16M2 cosh3 Mh
}

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+Γ 2

−M3 coshMh

F2
Mh coshMh − sinhMh
−
(
dp0
dx
)2 ( F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
H1
−
(
dp0
dx
)5
H2

+M2
(
dp0
dx
)2 ( 9 cosh 3Mh
16M cosh2 Mh
− 9 coshMh
4M cosh2 Mh
− 9h sinhMh
4 cosh2 Mh
)
×
(
F1
Mh coshMh − sinhMh −
(
dp0
dx
)3
H0
)
+
(
dp0
dx
)5
45 cosh 5Mh
256M4 cosh5 Mh
− 54 cosh 3Mh
128M4 cosh5 Mh
+ 225 coshMh
64M4 cosh5 Mh
+ 261h sinhMh
64M3 cosh5 Mh
− 27h sinh 3Mh
64M3 cosh5 Mh
+ 9h
2 coshMh
32M2 cosh5 Mh


, (3.4)
where
H0 = 1Mh coshMh − sinhMh
{
3h cosh 3Mh
16M4 cosh3 Mh
− sinh 3Mh
16M5 cosh3 Mh
− 3h
2 sinhMh
4M3 cosh3 Mh
}
, (3.5)
H1 = 1Mh coshMh − sin hMh
{
3 sinh 3Mh
16M2 cosh2 Mh
− 9h cosh 3Mh
16M cosh2 Mh
+ 9h
2 sinhMh
4 cosh2 Mh
}
, (3.6)
H2 = 1Mh coshMh − sin hMh

9 sinh 5Mh
256M7 cosh5 Mh
− 12 sinh 3Mh
128M7 cosh5 Mh
− 45h cosh 5Mh
256M6 cosh5 Mh
+ 36h cosh 3Mh
128M6 cosh5 Mh
− 243h
2 sinhMh
64M5 cosh5 Mh
+ 27h
2 sinh 3Mh
64M5 cosh5 Mh
− 9h
3 coshMh
32M4 cosh5 Mh

. (3.7)
The result of our analysis can be expressed to second order by defining
F = F0 + Γ F1 + Γ 2F2. (3.8)
Using Eq. (3.8) into Eq. (3.4) and neglecting the terms greater than O(Γ 2), we find that
dp
dx
= − M
3 (F + h) coshMh
Mh coshMh − sinhMh
+Γ

M8 (F + h)3
(Mh coshMh − sinhMh)3
{
−3 coshMh
4M
− 3h sinhMh
4
+ 3 cosh 3Mh
16M
}
− M
12(F + h)3 cosh4 Mh
(Mh coshMh − sinhMh)4 H0

+Γ 2

(F + h)5M18 cosh6 Mh
(Mh coshMh − sinhMh)6 H0H1 −
(F + h)5M18 cosh6 Mh
(Mh coshMh − sinhMh)6 H2
+ (F + h)
5M17H0 cosh3 Mh
(Mh coshMh − sinhMh)5
{
9 cosh 3Mh
16M
− 9 coshMh
4M
− 9h sinhMh
4
}
− M
13(F + h)5
(Mh coshMh − sinhM)5

45 cosh 5Mh
256M2
− 54 cosh 3Mh
128M2
+ 225 coshMh
64M2
−27h sinh 3Mh
64M
+ 9h
2 coshMh
32
+ 261h sinhMh
64M


, (3.9)
where h is given through Eq. (2.33).
T. Hayat et al. / Computers and Mathematics with Applications 53 (2007) 1074–1087 1085
(a) φ = 0.3,Γ = 0.001. (b) φ = 0.2,M = 5.
(c) M = 2,Γ = 0.001.
Fig. 1. Plot showing pressure rise per wavelength versus flow rate for different values of Hartman number M (panel (a)), Deborah number Γ (panel
(b)) and amplitude ratio φ (panel (c)) keeping other parameters fixed.
The expression for pressure rise (1Pλ) per wave length and frictional force (Fλ) are
1Pλ =
∫ 2pi
0
dp
dx
dx, (3.10)
Fλ =
∫ 2pi
0
(
−h dp
dx
)
dx . (3.11)
4. Numerical results and discussion
In order to see the effects of Hartman number (M), Deborah number (Γ ) and amplitude ratio (φ) on the pressure
rise (1Pλ) and frictional force (Fλ) per wavelength, the integrals in Eqs. (3.10) and (3.11) are solved numerically.
Numerical simulation here is performed using the computational software Matlab. The pressure rise versus flow
rate has been sketched in Fig. 1 whereas the relation between frictional force and flow rate is plotted in Fig. 2 The
dimensionless pressure gradient up to second-order is shown in Fig. 3. This figure indicates the pressure gradient
within wavelength for various values of Hartman number and amplitude ratio.
Fig. 1 presents the effects of Hartman number on the pressure rise versus flow rate. It is noted that the magnitude
of pressure rise per wavelength increases by increasing the Hartman number. Also, in one of these figures, the graph
between pressure rise and flow rate for a Newtonian fluid (Γ = 0) is linear. However, for third order fluid (Γ 6= 0)
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(a) φ = 0.3,Γ = 0.001. (b) φ = 0.2, M = 5.
(c) M = 2,Γ = 0.001.
Fig. 2. Plot showing frictional force per wavelength versus flow rate for different values of Hartman number M (panel (a)), Deborah number Γ
(panel (b)) and amplitude ratio φ (panel (c)) keeping other parameters fixed.
(a) φ = 0.1, F = −2,Γ = 0.001. (b) φ = 0.2, F = −2,Γ = 0.001.
Fig. 3. Plot showing variation of pressure gradient dp/dx within wavelength x ∈ [0, 2pi ] versus flow rate for different values of Hartman number
M and amplitude ratio φ keeping other parameters fixed.
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this is not the case. In fact, the corresponding curves for Γ 6= 0 fall above the graph of a Newtonian fluid. Therefore,
for the same adverse pressure gradient, the pressure rise for a shear-thinning fluid is less than a Newtonian fluid. From
this figure, it is also noted that the pressure rise increases with increase in amplitude ratio.
Fig. 2 shows the variations of Hartman number, Deborah number and amplitude ratio on the frictional force versus
flow rate. The effects of these parameters on the frictional force are quite opposite to that of adverse pressure gradient.
The distribution of the pressure gradient within a wavelength x ∈ [0, 2pi ] is shown in Fig. 3. In this figure various
values of Hartman number and amplitude ratio are taken. It is found that with the increase of Hartman number, a much
larger pressure gradient is required to maintain the same flux to pass it for the narrow part of the channel x ∈ [pi, 2pi ]
in comparison to the wider part of the channel x ∈ [0, pi]. Moreover, it is also observed that as the amplitude ratio
increases more pressure gradient is required to maintain the same flux.
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